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THEORETICAL STUDIES OF SUPERSONIC TWO-DIMENSIONAL AND 
AXISYMMETRIC NONEQUILIBRIUM FLOW, INCLUDING 
CALCULATIONS OF FLOW THROUGH A NOZZLE= 
By James J .  D e r  
SUMMARY 
Chemical and v ib ra t iona l  nonequilibrium phenomena i n  steady two-dimensional 
and axisymmetric i nv i sc id  flow f i e l d s  are s tudied by the  ana lys i s  of flow p a s t  
curved boundaries. The study cons i s t s  of t h ree  p a r t s :  (1) formulation of t he  
governing equations,  ( 2 )  study o f  t he  general  f ea tu re s  of nonequilibrium flow by 
considerat ion of some mathematical p roper t ies  of t he  nonlinear f l o w  equations,  
and ( 3 )  ana lys i s  of axisymmetric flow of d issoc ia ted  a i r  through a nozzle by 
means of numerical computations. 
I n  the  formulation of t h e  governing equations,  poss ib le  a l t e r n a t i v e  choices 
of t he  s t a t e  var iab les  t o  be used and t h e i r  r e l a t i v e  advantages a re  considered. 
The entropy i s  not  found t o  be a convenient var iab le  i n  nonequilibrium flow and 
i s  therefore  not used. The system of nonequilibrium flow equations i s  two orders  
higher than the  corresponding c l a s s i c a l  (equi l ibr ium or f rozen)  system. 
General f ea tu re s  of t he  nonequilibrium flow a re  s tudied by examination gf 
t h e  mathematical p roper t ies  of t he  nonlinear f l o w  equations.  I n  addi t ion  t o  the  
two d i f f e r e n t i a l  compat ibi l i ty  equations along the  Mach l i n e s ,  as e x i s t  i n  c l a s -  
s i c a l  supersonic flow, two more d i f f e r e n t i a l  compat ibi l i ty  equations are neces- 
sa ry  along the  s t reamlines .  The domain of determinacy of t he  nonequilibrium flow 
i s  the  same as f o r  c l a s s i c a l  flow, namely, t he  a rea  bounded by the  outermost Mach 
l i n e s  from a da ta  curve. I f  a da ta  curve i s  crossed more than once by any char- 
a c t e r i s t i c ,  t h e  amount of da t a  t h a t  can be prescr ibed i s  r e s t r i c t e d .  The 
implicat ions of such r e s t r i c t i o n s  i n  nozzle problems are discussed. 
F ina l ly ,  an axisymmetric nonequilibrium flow of a i r  through a supersonic 
nozzle i s  analyzed by means of numerical computations. The coupling e f f e c t s  
between nonuniformity (across  a nozzle sec t ion)  and nonequilibrium, not  taken 
i n t o  account i n  t h e  quasi-one-dimensional flow approximation, are revealed by 
the  present  ana lys i s .  
lThis r epor t  i s  based on a a i s s e r t a t i o n  subXitted t o  t h e  Department of 
Aeronautics and Astronautics,  Stanford Universi ty ,  i n  p a r t i a l  fu l f i l lmen t  of t he  
requirements f o r  t he  Ph.D. degree. 
t i o n  i n  a graduate research seminar supported a t  Stanford Universi ty  by a grant  
from t h e  National Science Foundation. 
The work arose out  of t h e  au tho r ' s  pa r t i c ipa -  
CHAPTER I 
INTRODUCTION 
The present study is concerned with chemical and vibrational nonequilibrium2 
Studies of nonequilibrium flow have been concerned mainly with one- 
phenomena in two-dimensional and axisymmetric flow. 
dimensional (refs. 1 through 3) and quasi-one-dimensional flow (refs. 4 
through 11) and with two-dimensional and axisymmetric flow past bodies of simple 
shape (refs. 12 through 17) .3 
equilibrium flow has been presented by Kirkwood and Wood (ref. 18) and by others \ 
(e.g., refs. 19 and 20). 
one-dimensional flow of a general gas mixture has been formulated recently by 
Emanuel and Vincenti (ref. 8). 
In the present work, the more general features of two-dimensional and 
axisymmetric nonequilibrium flow are studied by consideration of flow past curved 
boundaries. For simplicity the study is limited to the cases of supersonic flow 
with a single nonequilibrium process. Part of this objective was achieved in 
reference 21, which, however, was concerned only with linearized flow past a 
single wall. 
the governing equations and their possible advantages are discussed. The 
entropy, a convenient quantity in classical (frozen or equilibrium) gas dynamics, 
has no particular utility in the present analysis as a nonequliibrium variable. 
The constancy of a nonequilibrium parameter (other flow quantities varying) 
signifies the freezing of the corresponding nonequilibrium process. On the other 
hand, the entropy is constant along a streamline when the flow is either in an 
equilibrium or a frozen condition. The entropy is, therefore, not used in the 
formulation of the flow equations in the present work. The system of differen- 
tial equations for nonequilibrium flows is seen to be two orders higher than the 
corresponding system for classical gas flows. 
In chapter 111, the general features of steady two-dimensional and 
axisymmetric nonequilibrium flow are studied by examination of some mathematical 
properties of the nonlinear flow equations. As in the case of classical gas 
dynamics, there are two differential compatibility relations along characteris- 
tics having the direction of the frozen Mach lines. In addition, however, there 
are two more differential compatibility relations necessary along the character- 
istic in the streamline direction. The domain of determinacy of the nonequilib- 
rium flow is the same as that of the frozen flow, namely, the region bounded by 
the outermost frozen Mach lines from a data curve. 
A general formulation of the equations for non- 
A method for the numerical computation of the quasi- 
In chapter 11, the inviscid flow equations are given. Alternative forms of 
- ~ _ _ _ _ _  -~ __ - - 
2When a nonequilibrium variable (such as a degree of dissociation) is in 
equilibrium with the other local thermodynamic state variables, the flow is said 
to be in equilibrium with respect to the corresponding nonequilibrium process; 
otherwise the flow is said to be in nonequilibrium condition. When a nonequilib- 
rium variable becomes fixed, the flow is said to be frozen with respect to the 
corresponding nonequilibrium process. 
3The references cited here constitute a representative rather than an 
exhaustive list of the numerous published works in this field. 
2 
For any system of hyperbolic differential equations, if a data curve is 
crossed by any characteristic line only once, f u l l  data can be posed on the data 
curve. If a data curve is crossed by any characteristic twice, then only partial 
initial values can be prescribed. For the system of equations used herein, the 
prescription of initial values of the pressure and stream angle will be 
restricted if the data curve is crossed twice by one of the frozen Mach lines 
(which is true also for the classical flow). 
the initial values of the velocity and the degree of dissociation will be 
restricted if the data curve is crossed twice by the streamlines. Nonecpilibrium 
flow has more compatibility relations than the classical flow and hence has more 
restrictions on the prescription of initial values. These additional restric- 
tions prevent us from prescribing a completely uniform exit flow in the inverse 
nozzle problem (i.e., computation of the contour of a nozzle for given initial, 
center line, and exit conditions). 
On the other hand, prescription of 
Finally, a specific nonlinear, nonequilibrium flow problem is studied in 
chapter IV, where the dissociative nonequilibrium flow of air through a given 
nozzle is analyzed. The flow of real air is approximated by a flow of a mixture 
of dissociating oxygen and nondissociating nitrogen. The molecular vibration is 
assumed to be in equilibrium. The assumption of only a single nonequilibrium 
process simplifies the analysis considerably. For the present nozzle problem 
(temperature less than 8000~ K, pressure less than 300 atmospheres), however, 
such approximation is valid since nitrogen dissociation is actually small. Four 
cases for the same reservoir conditions were computed numerically by means of an 
IBM 7090 digital computer. These include one equilibrium flow and three cases of 
nonequilibrium flow with varying degrees of nonequilibrium as dictated by the 
magnitude of the effective characteristic reaction length. 
It is found that quasi-one-dimensional flow computations give qualitatively 
correct results. On the other hand, the coupling effects between nonuniformity 
(at a nozzle cross section) and nonequilibrium, not taken into account in quasi- 
one-dimensional flow, are revealed in the present analysis. At any cross sec- 
tion, the flow near the nozzle wall has traveled a longer distance than the flow 
near the nozzle center. Furthermore, the flow near the center line freezes 
sooner. Hence, near the center line the flow has higher values of the degree of 
dissociation. The nonuniformity at the nozzle exit worsens as the degree of non- 
equilibrium increases. The exit velocity changes only minutely and remains 
nearly uniform as the flow deviates from the equilibrium condition. Other flow 
variables, including pressure, temperature, and Mach number, change significantly 
both in magnitude and uniformity at the exit as the flow tends toward the frozen 
condition. In general, therefore, one can expect little effect on velocity due 
to nonequilibrium, but significant effects on Mach number and other variables. 
Also, since one cannot impose complete uniformity of all flow variables at the 
nozzle exit, prescribing uniform exit pressure in designing a nozzle would lead 
to more uniform flow over-all than prescribing uniform exit velocity. 
The thermodynamic and chemical kinetic properties of the simplified air 
model used in the numerical analysis are listed in appendix A. 
The author is indebted to Professor Walter G. Vincenti of Stanford 
University for his guidance throughout the course of the research and to 
Dr. Max. A. Heaslet of the National Aeronautics and Space Administration, Ames 
3 
Research Center, f o r  h i s  t imely encouragement and a s s i s t ance .  Professor  
M. D. Van Dyke provided valuable c r i t i c i s m  and encouragement. F ina l ly ,  thanks 
a r e  due t o  Professor  I-Dee Chang f o r  reading t h e  manuscript and furn ish ing  
important c r i t i c i s m  and ass i s t ance .  
4 
CHAPTER I1 
FLOW EQUATIONS 
The governing equations of f l o w  of a r eac t ing  gas i n  t h e  absence of 
t ranspor t  phenomena and body forces  a r e  t h e  f ami l i a r  conservation equations p lus  
t h e  equation of s t a t e  and the  r a t e  eqyations.  The r a t e  equations,  which are not 
used i n  c l a s s i c a l  (equi l ibr ium o r  f rozen)  gas dynamics, a r e  needed here because 
the  more general  s t a t e  equation now contains  add i t iona l  nonequilibrium param- 
e t e r s ,  f o r  example, t he  various molecular v ib ra t iona l  energies  and t h e  degree of 
d i s soc ia t ion  and ion iza t ion  of t h e  various cons t i t uen t s .  The equations f o r  f l o w  
with n nonequilibrium parameters a re ,  t he re fo re  ( see  e . g . ,  ref. 22) 
Mass 
-+ % + p d i v  w = 0 
D t  
6 Momentum p -- + grad p = 0 
D t  
Energy 
(11 -la) 
( I1 -1b ) 
(I1 - I C  ) 
Rate 
+ 
where D / D t  denotes the  EMerian de r iva t ive ;  p, w, p, h a r e  t h e  densi ty ,  
ve loc i ty ,  pressure,  and enthalpy of t he  medium; qi denotes the  v ib ra t iona l  
energy and/or degree of d i s soc ia t ion  and ion iza t ion ;  and 
of increase of 
w i  gives t h e  ne t  r a t e  
qi a s  a funct ion of t he  l o c a l  thermochemical s t a t e .  
When the  flowing gas i s  i n  equilibrium, the  values of q i  a r e  funct ions 
so l e ly  of t he  l o c a l  pressure and densi ty ,  hence the  enthalpy becomes a func t ion  
s o l e l y  of p and p, tha t  i s  
When t h e  gas i s  i n  a frozen condition, each 
h i s  again a funct ion so le ly  of p and p ,  t h a t  i s ,  
qi has a c e r t a i n  f ixed  value, and 
Note t h a t  a pe r fec t  gas has 
by de f in i t i on ,  always i n  t h e  frozen and equi l ibr ium condi t ions simultaneously. 
q i  = q- (p, p)  = constant ;  hence a pe r fec t  gas is ,  le 
It i s  of i n t e r e s t  t o  note t h e  minimum number of f i r s t - o r d e r  d i f f e r e n t i a l  
equations required t o  determine a flow f i e l d .  
steady two-dimensional and misymmetric flow with only one mode of nonequilib- 
rim. Since the  state equation i s  not  i n  d i f f e r e n t i a l  form, it can be used t o  
e l iminate  one dependent var iab le  from t h e  d i f f e r e n t i a l  equations.  W e  s h a l l  
choose t o  e l iminate  p .  
and using equations (11-lc) and (11-le) toge ther  with the  i d e n t i t y  
We consider,  f o r  s implici ty ,  
This can be done by d i f f e r e n t i a t i n g  equation (11-ld) 
af2 F hP 
-1 P - h p  
(I1 -2) 
f o r  the frozen speed of sound (see appendix A ) ,  thus  f ind ing  an expression f o r  
D p / D t  i n  terms of Dp/Dt and Dqi/Dt.  By subs t i t u t ing  t h i s  expression i n t o  equa- 
t i o n  (11-la), we obta in  a modified mass equation. Furthermore, t he  energy equa- 
t i o n  can be modified by combining it with t h e  momentum equation, y ie ld ing  a form 
more convenient f o r  our purpose. A complete set  of d i f f e r e n t i a l  equations 
governing nonequ i l ib r im flow i s  thus obtained as 
m 
G p - + grad p = 0 
D t  
+ 
The coe f f i c i en t s  are r e l a t e d  t o  the  dependent var iables ,  p, w, h, qi. 
For steady flow, equation (11-3c) can be integrated,  immediately, y ie ld ing  an 
a lgebra ic  r e l a t i o n  s t a t i n g  t h a t  t he  sum 
l i n e .  We fu r the r  r e s t r i c t  our study t o  two-dimensional axisymmetric flow, with 
only one nonequ i l ib r im parameter. Equations (11-3) then become, i n  i n t r i n s i c  
coordinates,  
h + 3/2 i s  constant along each stream- 
(I1 -4a) 
p w - + a p = o  aw (11-4b) as as 
6 
(11-4c ) 
ds  dn 
(I1 -4d) 
where 
streamline angle;  v i s  1 f o r  planar  flow and 2 f o r  axisymmetric flow; and r i s  
t h e  r a d i a l  dis tance from the  center  l i n e  of a x i a l  symmetry. 
Mf = w/af ;  s and n are t h e  s t r e a m w i s e  and normal coordinates;  0 i s  the  
The minimum number of f i r s t - o r d e r  d i f f e r e n t i a l  equations governing a steady, 
nonequilibrium, two-dimensional o r  axisymmetric flow i s  thus seen t o  be fou r .  
I n  the  c l a s s i c a l  l i m i t s  of e i t h e r  equilibrium o r  f rozen flow, two more 
d i f f e r e n t i a l  equations can be eliminated. This can be done by introducing the  
spec i f i c  entropy S, which i s  r e l a t e d  t o  mi by the  r e l a t i o n  
where the  are r e l a t e d  t o  the  chemical p o t e n t i a l  and t h e  v ib ra t iona l  energies 
(see, e . g .  , r e f .  18). (The spec i f i c  entropy i s  denoted here by S t o  avoid con- 
fus ion  with the  streamwise coordinate s . )  The r a t e  of change of entropy DS/Dt 
i s  zero when the  flow i s  f rozen (mi  = 0 )  o r  i n  equilibrium (c Z i W i  = 0 ) .  
thermore, s ince the  s ta te  of t he  medium i n  e i t h e r  l i m i t  i s  determined by only two 
thermodynamic var iab les ,  we can take one of these t o  be the  entropy, which i s ,  
from equation ( I I - 5 ) ,  constant along s t reamlines .  The two re l a t ions ,  h = h(p,  S )  
and S = constant along a streamline,  can then be used t o  replace two of the  d i f -  
f e r e n t i a l  equations,  equations (11-4b) and (11-4d). I n  the  frozen and equ i l ib -  
rium l i m i t s ,  therefore ,  t he  order of t h e  system of flow equations i s  2. This i s  
t rue regardless  of whether t he  flow i s  r o t a t i o n a l  o r  i r r o t a t i o n a l .  
z i  
Fur- 
The governing d i f f e r e n t i a l  flow equations can be wr i t t en  i n  various 
a l t e r n a t i v e  forms. For spec ia l  purposes a p a r t i c u l a r  form of the  equations may 
have advantages over t he  o thers .  The d i f fe rences  among various forms of the  
equations arise mostly f r o m t h e  choice of t h e  s t a t e  equation. 
t i o n  (11-la) i s  na tu ra l  because it relates h, which a r i s e s  na tu ra l ly  i n  the 
energy equation f o r  f l u i d  flow, t o  p and p, which appear i n  the  mass and 
momentum equations.  
Choice of equa- 
Equations (11-1) are convenient f o r  a n a l y t i c a l  purposes. 
A perhaps more familiar way of expressing t h e  state r e l a t ionsh ip  i s  t o  
relate h, p, and p by means of t he  two equations 
(11-6b) 
7 
with t h e  temperature T as a parametric quant i ty .  These two equations a r e  
ca l led ,  respec t ive ly ,  t h e  c a l o r i c  and thermal equations of s t a t e .  For numerical 
computations, equations (11-6) a r e  of ten  convenient t o  use because t h e  tempera- 
t u r e  usua l ly  appears as a n a t u r a l  var iab le  i n  t h e  thermodynamic and k i n e t i c  
r e l a t i o n s  f o r  real gases, such as a i r  (see appendix A ) .  
The entropy, u se fu l  i n  c l a s s i c a l  gas dynamics, e spec ia l ly  when t h e  flow i s  
homoentropic, i s  not near ly  so  convenient i n  nonequilibrium flow s ince  here 
entropy i s  not constant  along s t reamlines .  On t h e  o ther  hand, t he  constancy of 
t h e  
frozen condi t ion.  Furthermore, t h e  der iva t ive  of entropy i n  equation (11-5) con- 
t a i n s  zi and M i ,  and i n  some condi t ions both of these  become indeterminate.  The 
use  of entropy, therefore ,  may a f f e c t  t h e  s t a b i l i t y  of t h e  numerical i n t eg ra t ion  
process.  If one needs t o  examine the  va r i a t ion  of entropy, it i s  preferab le  t o  
compute it from equation (11-5) a f t e r  t h e  flow has been found i n  terms of o ther  
var iab les .  
qi (with o ther  flow q u a n t i t i e s  varying) s i g n i f i e s  t h a t  t h e  f l o w  i s  i n  the  
8 
CHAPTER I11 
SOME MATHEMATICAL PROPERTIES OF THE NONEQUILIBRIUM-FLOW EQUATIONS 
We now consider t h e  appl ica t ion  of t h e  f l o w  equations (eqs.  11-4) developed 
i n  t h e  l as t  chapter t o  problems of f l u i d  flow i n  nonequilibrium condition. These 
equations a r e  quas i - l inear4  with complicated coe f f i c i en t s .  
t o  such equations can be  obtained, except i n  spec ia l  cases,  only by numerical 
methods. We can study some of t h e  general  c h a r a c t e r i s t i c s  of nonequilibrium 
flow, however, by examining a few mathematical p rope r t i e s  of t h e  nonequilibrium 
flow equations and comparing them with those of t he  c l a s s i c a l  flow equations.  
P r a c t i c a l  so lu t ions  
For s impl ic i ty  we r e s t r i c t  our study t o  cases of only one nonecpilibrium 
process s ince  the  extension t o  m l t i p r o c e s s  cases introduces no add i t iona l  d i f -  
f i c u l t i e s .  Again, we study only steady two-dimensional o r  axisymmetric f l o w .  
Supersonic f l o w  w i l l  be d e a l t  w i t h  mostly, although some of the  discussion 
appl ies  t o  more general  speed regimes. After  some general  discussion of t he  
mathematical p roper t ies ,  we apply the  r e s u l t s  t o  nozzle problems w i t h  regard t o  
t he  posing of i n i t i a l  and boundary values.  Strong d i scon t inu i t i e s  such as shock 
waves and s l i p  l i n e s  w i l l  not be considered. 
Some mathematical questions of spec ia l  i n t e r e s t  a r e  the  following: 
1. What i s  t h e  minimum number of dependent var iab les  that  determine the  
flow f i e l d ?  
2. What a r e  t h e  c h a r a c t e r i s t i c s ?  
3. What must be continuous, and what can be discontinuous, across  t h e  
c h a r a c t e r i s t i c s ?  
4. What i s  t h e  domain of determinacy? 
5. How can the  i n i t i a l  values be prescr ibed? 
6. What can be said about t he  exis tence and uniqueness of t h e  so lu t ion?  
We may t r y  t o  study these questions i n  terms of  e i t h e r  a s ing le  n th  order  
d i f f e r e n t i a l  equation or a system of n f i r s t - o r d e r  equations.  We choose the  
la t ter  because, as pointed out  by Courant ( r e f .  2 3 ) :  
1. A higher order d i f f e r e n t i a l  equation can be rewr i t ten  as a system of 
f i r s t - o r d e r  equations,  bu t  t h e  reverse  i s  not t r u e  i n  general .  
2. It i s  c l e a r e r  t o  speak of t h e  "fundamental" flow quant i t ies ,  such as 
ve loc i ty  and pressure,  than of some r e l a t i v e l y  remote funct ion of t h e  flow 
var iab les ,  such as t h e  stream funct ion .  
-- ~ _ _  -. . L - - - -  --___ -~ 
4A quasi- l inear  d i f f e r e n t i a l  equation i s  l i n e a r  i n  i t s  highest  der iva t ives .  
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3. The gas-dynamic equations can be wr i t t en  r e a d i l y  as a system of f i r s t -  
order  equations . 
The minimum number of dependent var iab les  t h a t  determine t h e  flow f i e l d  is, 
of course, t he  same as t h e  m i n i n u n  number of d i f f e r e n t i a l  equations.  
i n  chapter  11, the  minimum number of d i f f e r e n t i a l  equations i n  the  present  case 
i s  fou r .  The dependent var iab les  s e l ec t ed  are p, 8, w, and g, but  any 
appropriate  funct ion of these  var iab les  could a l s o  be used. 
A s  shown 
The c h a r a c t e r i s t i c s  of a system of d i f f e r e n t i a l  equations can be defined i n  
var ious ways. The d e f i n i t i o n  used by von Mises ( re f .  24) i s  as follows: 
"Curves along which a n a l y t i c a l l y  d i f f e r e n t  so lu t ions  of a 
d i f f e r e n t i a l  equation or  a system of such equations can be patched 
together  are c a l l e d  c h a r a c t e r i s t i c s  of t h e  equation or  system." 
Here patching means t h e  so lu t ions  on both  s ides  of the  curve are equal.  Charac- 
t e r i s t i c s  are thus curves across  which the  so lu t ions  themselves must be cont in-  
uous b u t  t h e  normal der iva t ives  of any order  can be  discontinuous.  This type of 
d i scont inui ty  i s  ca l l ed  a weak d iscont inui ty .  
An equivalent d e f i n i t i o n  of t h e  c h a r a c t e r i s t i c s  i s  t h a t  along a cha rac t e r i s -  
t i c  c e r t a i n  p a r t i a l  der iva t ives  of the equations group together  i n  such a manner 
t h a t  they form a d i f f e r e n t i a l  equation containing only ordinary der iva t ives  i n  
t h e  d i r ec t ion  of t he  c h a r a c t e r i s t i c .  The c h a r a c t e r i s t i c s  and compatibi l i ty  
r e l a t i o n s  f o r  t h e  nonequilibrium-flow equations can r ead i ly  be obtained by using 
t h i s  l as t  de f in i t i on .  The d i r ec t ion  along which an ordinary d i f f e r e n t i a l  equa- 
t i o n  i s  fornied i s  then t h e  d i r ec t ion  of a c h a r a c t e r i s t i c .  The ordinary differei i -  
t i a l  equation i t s e l f  provides the  compatibi l i ty  r e l a t i o n  corresponding t o  t h i s  
c h a r a c t e r i s t i c .  The compatibi l i ty  r e l a t i o n s  are, i n  f a c t ,  t he  o r i g i n a l  d i f f e ren -  
t i a l  equations wr i t ten  i n  c h a r a c t e r i s t i c  form. The order of t he  system remains 
unchanged. Thus, i n  t he  present  case we look f o r  four  compatibi l i ty  r e l a t i o n s .  
Equations (11-4b) and (11-4d) a re  a l ready i n  c h a r a c t e r i s t i c  form along the  
s t reamlines .  Af te r  e l iminat ion of the  der iva t ive  of w by means of equa- 
t i o n  (11-hb), the  p a r t i a l  der iva t ives  i n  equations (11-4a) and (11-4c) can be 
grouped i n  such a manner t h a t  these  two equations form a s e t  of two ordinary 
d i f f e r e n t i a l  equations i n  terms of p and 8 along the  two frozen Mach l i n e s .  
Br ie f ly ,  these  equations can be obtained as follows: If we e l iminate  a w l a s  by 
the  use of equation (11-bb), equation (11-4a) becomes 
(Mf2 - 1) k + pW2 as  an 
The t o t a l  d i f f e r e n t i a l s  of p and 8 i n  the  2 d i rec t ion  (defined by the  slope 
dn/ds of 1 )  can be wr i t t en  as 
10 
and 
Solving these equations f o r  
at ives 
t h a t  pw%e/as = -ap/an (from eq. (11-k)), we have 
ap/as and &?/an i n  terms of t h e  d i r e c t i o n a l  de r iv -  
dp/ds and de/dn, s u b s t i t u t i n g  i n t o  the  foregoing equation, and noting 
I f  we choose 
ap/an 
l 1  and 12, t h a t  i s ,  along 
dn/ds = ? l / p f ,  then the  t e r m  containing the  p a r t i a l  de r iva t ive  
vanishes, and w e  thus  obtain two ordinary d i f f e r e n t i a l  equations along 
and 
I n  terms of 11, 12, therefore ,  we have 
and 
along - dr - t a n ( 0  * p)  
dx 
pw dw + dp = 0 1 
(I11 -la,b ) 
(I11 -IC ) 
(111-ld) - 
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where pf JMf2 - 1; 2 1  and 22 are the distances along the left-running and 
right-running Mach lines, respectively (fig. 111-1) ; r is the radial distance 
from the line of symmetry, which is also the x-axis; and p is the Mach angle, 
related to 
f 
np by- the relation p = sin-l(l/Mf). 
running) 
Figure 111-1.- Characteristic lines for equations (111-1). 
There are other, alternative forms of the compatibility relations. They can 
be obtained by the use of different variables. In general, the number of com- 
patibility relations needed is the same as the number of original differential 
equations. Normally, there are two along the slant characteristics, or Mach 
lines, and the remainder along the streamlines. In selecting a particular set of 
compatibility relations, or variables, one should take into account the manner in 
which the problem is prescribed. 
We can now deduce from equations (111-1) the answers to the questions posed 
earlier. First of all, p, w, 8, q constitute the solution to the system of 
equations, and hence these flow quantities must be continuous everywhere in the 
domain of weak discontinuities (i.e., in a flow field free of shock waves and 
slip lines). 
along the left-running Mach line, whereas equation (111-lb) is the characteristic 
equation for p and 8 along the right-running Mach line. Across any Mach line, 
therefore, the normal derivatives of p and 8 can be discontinuous. Equa- 
tion (111-l~), on the other hand, is the characteristic equation for 
along the streamlines. It follows that the normal derivatives of p and w can 
be discontinuous across a streamline. Similarly, due to equation (111-ld), the 
normal derivative of q can be discontinuous across a streamline. 
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Equation (111-la) is the characteristic equation for p and 8 
p and w 
Note that, alternatively, p instead of w could have been eliminated in 
forming equations (111-la,b). 
continuity (normal derivative discontinuous) across the Mach lines also. 
quantity 0, however, cannot have a weak discontinuity across a streamline. This 
can be deduced by the use of equation (11-4a) as follows: 
coefficients and, in general, ap/& and aw/as are continuous across the stream- 
line, it follows that &/& must be continuous across a streamline. Similarly, 
that the quantity q cannot have a weak discontinuity across a Mach line can be 
deduced from the fact that as/& is always continuous (since w is always 
continuous) and aq/aZ1,2 are in general continuous (since q is in general 
continuous). %“arizing: 
The variable w, therefore, can have a weak dis- 
The 
Since all of the 
p, w, 8 can have weak discontinuities across a Mach line, while 
p, w, q can have weak discontinuities across a streamline. Weak 
discontinuities cannot occur in q across Mach lines nor in 0 
across streamlines. The actual occurrence of any such diaconti- 
nuity, of course, is dependent on the initial conditions. 
From the point of view of analysis, the characteristic equations have two 
properties of significance. One is that they are ordinary differential equations 
along the characteristic lines, and hence enable us to use a relatively well 
developed numerical integration scheme. 
ter IV.) 
acteristics cannot be arbitrary but is restricted by the relationships fixed by 
the characteristic equations. These restrictions limit the freedom with which 
initial values of p, w, 8 ,  q can be prescribed. The nonequilibrium flow 
requires a larger number of characteristic equations than the classical flow and 
hence has more restrictions. We can more readily visualize the problem of posing 
the initial conditions after the domain of determinacy is discussed. 
(This scheme is discussed in chap- 
The other is that the variation of the flow quantities along the char- 
The theory of characteristics has been studied extensively for linear 
equa.tions. The results of these studies can be extended by successive approxi- 
mations to quasi-linear equations. Here, we are specifically interested in the 
domain of determinacy. Consider figure 111-2 where initial data are prescribed 
Character 
I 
‘Character ist ics 
D I  
Figure 111-2.- Domain of determinacy for equations (111-la, b). 
1-3 
I 
~ 
on t h e  da t a  curve AB. By da t a  curve we mean a segment of a curve along which 
t h e  i n i t i a l  values of t he  dependent var iab les  of a system of d i f f e r e n t i a l  equa- 
t i o n s  are prescr ibed.  If t h e  i n i t i a l  values of a l l  t h e  dependent var iab les  of 
t h e  system of equations are prescr ibed,  t h i s  segment i s  s a i d  t o  have f u l l  da ta ,  
otherwise the  da ta  curve i s  s a i d  t o  have p a r t i a l  da ta .  A da t a  curve may o r  may 
not  cons t i t u t e  t he  da t a  curve of t h e  e n t i r e  problem (flow f i e l d  i n  the  present  
ca se ) ;  and the  system of equations may be e i t h e r  t he  complete system, t h a t  is ,  
a l l  of equations (111-l), o r  a subsystem of it, f o r  example, equations (111-la,b). 
If t he  subsystem of equations (111-la,b) were l i n e a r ,  t he  domain of 
determinacy, with f u l l  da ta  of t h i s  subsystem prescr ibed on AB, i s  the a rea  
ACBD 
AD, and BD. 
bounded by the  outermost s l a n t  c h a r a c t e r i s t i c s  ( f rozen Mach l i n e s )  AC, BC, 
For our equation, which i s  quas i - l inear  ins tead  of s t r i c t l y  l i n e a r ,  we can 
apply the  i t e r a t i v e  procedure of Schauder ( r e f .  23, p .  476) t o  compute the  flow 
q u a n t i t i e s  t o  any des i red  accuracy i n  the  small region A ' B ' C ' ,  where A ' C '  and 
B'C' a r e  c h a r a c t e r i s t i c s .  By continuing the  process over -the f u l l  l ength  of 
AB, we can determine the  flow quan t i t i e s  i n  the  region 
neighborhood o f  AB. We thus obta in  a new da ta  l i n e  A"B". By continuing the  
process toward C and a l s o  toward D, we can determine the  e n t i r e  region ACBD 
bounded by the outermost c h a r a c t e r i s t i c s .  For t h e  nonlinear equations,  o f  
course, t he  loca t ion  of t h e  c h a r a c t e r i s t i c s  i s  not known i n  advance, bu t  must be 
computed successively.  
so lu t ion  converges and i s  unique, and t h e  so lu t ion  can be extended t o  a f i n i t e  
domain containing weak d i scon t inu i t i e s .  Hence, t he  so lu t ion  t o  the  quas i - l inear  
equations e x i s t s  and i s  unique i n  domain ACBD. 
AA"B"B i n  the near 
According t o  reference 23 (p.  466), t h e  above i t e r a t i v e  
I n  our system of equations,  we have not  only s l a n t  c h a r a c t e r i s t i c s ,  t h a t  i s ,  
If equations ( I I I - l c ,d )  were l i n e a r ,  the  domain of determinacy of each of 
t h e  Mach l i n e s ,  bu t  a l s o  t he  streamwise c h a r a c t e r i s t i c s  defined by the  stream- 
l i n e s .  
these  subsystems (eq.  111-le, eq.  111-ld) would be an i n f i n i t e  s t r i p  bounded on 
the  s ides  by t h e  outermost streamlines passing through the  i n i t i a l  da t a  l i n e  AB 
( f i g .  111-3). 
.- Data line, 
Stream I in e 
B 
Figure 111-3.- Domain of determinacy f o r  equations (111-le, d ) .  
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A l l  of t h e  subsystems (eqs.  111-la,b; 111-le; 111-ld) are, of course, 
coupled. For example, t he  coe f f i c i en t s  f o r  equations (111-la,b) are funct ions 
not  only of p and 0 but  a l so  of w and q .  Equation ( I I I - l e )  l ikewise has a 
coe f f i c i en t  t h a t  i s  a funct ion of p, w, and q, and, i n  addi t ion,  t he  quant i ty  
p appearing i n  t h e  d i f f e r e n t i a l  i s  t o  be found from the  subsystem equa- 
t i o n s  (111-la,b).  
t i o n s  (111-1) i s ,  therefore ,  t h e  common domain of determinacy of a l l  t h e  sub- 
systems. Thus, t h e  domain of determinacy of t h e  complete system i s  t h e  same as 
t h a t  f o r  subsystem equations (111-la,b), t h a t  i s ,  t h e  region bounded by t h e  
outermost s l a n t  c h a r a c t e r i s t i c s .  
The domain of determinacy of t h e  complete system of equa- 
I n  posing the  i n i t i a l  conditions we must take  care  t h a t  no region i s  
overdetermined. I n  specifying the  i n i t i a l  values of p and 0 ,  f o r  example, we 
must inquire  whether t he  da ta  curve i s  crossed more than once by any Mach l i n e  
( s ince  the  Mach l i n e s  are the  c h a r a c t e r i s t i c s  f o r  t he  subsystem equa- 
t i o n s  (111-la ,b)) .  To see t h i s  we r e f e r  t o  f igu re  111-4. The segments AB, BB1 ,  
and B B z  a r e  da ta  curves.  If the  i n i t i a l  values of p and 8 (as wel l  as w 
and q )  a re  prescr ibed on AB, then, s ince BB1 l i e s  ins ide  the  domain of de t e r -  
minacy of AB, the  values of p and 8 on BB1 a r e  determined. Hence, ne i the r  p 
nor 8 can be prescr ibed on BB1. I n  o ther  words, i f  a curve ( e . g . ,  ABB1)  i s  
l ines 
- ‘ \ -stream I ines------/  
Figure 111-4.- D a t a  curves with overdeterminacy. 
crossed twice by both the  le f t - running  and r ight-running Mach l i n e s ,  then one 
segment of it (BB1) l i e s  i n s ide  t h e  domain of  determinacy ( f o r  
system equations (111-la,b) . 
(values of p and e )  can be prescr ibed only on one segment (AB). 
data  on both  segments (AB and BB1) i s  poss ib le ,  however. For example, i f  p 
only i s  prescr ibed on AB and 0 only i s  prescr ibed on BB1 (and a l s o  on 
B1B3) , then, p f o r  BB1 and 8 f o r  AB a r e  determined by equations (111-la ,b) .  
AB) of t h e  sub- 
Consequently, t h e  f u l l  da t a  of t h i s  subsystem 
Posing p a r t i a l  
Another s i t u a t i o n  t h a t  can a r i s e  i s  i l l u s t r a t e d  as f o l l o w s :  The curve 
A2BB2 i s  crossed twice by only one of  t he  two f ami l i e s  of Mach l i n e s .  The da ta  
p re sc r ip t ion  on such a curve i s  less r e s t r i c t i v e  than t h a t  on a curve of t h e  
type ABB1. If f u l l  da t a  f o r  t h e  subsystem equations (111-la,b) (both p and e )  
a r e  prescr ibed on A2B, then t h e  values of p and 8 on BB2 a r e  r e l a t e d  by equa- 
t i o n  (111-lb).  
on BB2. 
Consequently, e i t h e r  p o r  8, bu t  not both, can be prescr ibed 
In  posing da ta  f o r  w and q, we need t o  note whether t h e  da ta  curve f o r  
w o r  q i s  crossed more than once by a s t reamline.  
crossed twice by t h e  s t reamlines .  If the  i n i t i a l  value of  w i s  prescr ibed on 
AIB then the  value of w on BB1 i s  r e l a t e d  t o  t h a t  on AIB by equa- 
t i o n  (111-l~). The i n i t i a l  value of w (and s i m i l a r l y  q)  can be prescr ibed 
on e i t h e r  AIB o r  BB1 bu t  not on both.  
I n  f i g u r e  111-4, A l B B l  i s  
The foregoing a r e  the  r e s t r i c t i o n s  imposed by the  c h a r a c t e r i s t i c  r e l a t i o n  
as mentioned e a r l i e r  i n  t h i s  chapter .  We can summarize these  r e s t r i c t i o n s  as 
f o l l o w s  ( r e f e r r i n g  t o  f i g .  111-4) : 
I. If a da ta  l i n e  i s  crossed twice by 
A. both fami l ies  of t h e  Mach l i n e s  (say f i r s t  segment AB, then 
segment BB1), then the  i n i t i a l  value of p and 8 can be posed 
i n  one of t w o  ways: 
1. Prescr ibe p and 8 on AB o r  BB1 only.  
2. Prescr ibe p on AB and 8 on BB1 o r  v ice  versa .  
B. only one family of Mach l i n e s ,  then both p and 8 can be 
prescr ibed on one of t he  segments and e i t h e r  p o r  8 on the  
o ther  segment. 
11. If a da ta  l i n e  i s  crossed by the  s t reamlines  twice (say f i r s t  
then BB1), then w can be prescr ibed on one of the  two segments 
only.  The same i s  t r u e  f o r  q. 
AIB, 
We i l l u s t r a t e  these  poin ts  by the  following t w o  examples. 
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Direct  Nozzle Problem 
I n  the  d i r e c t  nozzle problem, for which ca lcu la t ions  are made i n  t h e  next 
chapter,  i n i t i a l  da t a  can be prescr ibed on AB ( f i g .  111-5).  For our system, 
C 
A Nozzle center l ine D 
Figure 111-5. - Direct  nozzle problem. 
the  da t a  t h a t  can be prescr ibed on t h i s  l i n e  a re  p, w, 8, q. The values of 8 
a re  a l so  prescr ibed on AD where = 0 and BC where 8 = 8 ( x ) .  Curve BAD i s  
crossed twice by only the  right-running Mach l i n e s  and therefore  p and 8 can be 
prescr ibed on AB and 8 alone can be prescr ibed on AD. Similar ly ,  8 alone 
can be prescr ibed on BC. Curve ABCD i s  crossed by the  streamlines twice; 
hence w and q can be prescr ibed e i t h e r  on AB o r  CD, but  not both.  
The posing of i n i t i a l  values i n  the  d i r e c t  nozzle problem i s  thus s t r a i g h t -  
forward even f o r  nonequilibrium flow. The inverse nozzle problem, on the  o ther  
hand, i s  more deceptive.  
Inverse Nozzle Problem 
I n  the  inverse nozzle problem, usua l ly  the  i n i t i a l  values are given i n  t h e  
th roa t  region; c e r t a i n  des i red  exi t  and center - l ine  conditions are a l s o  
prescr ibed.  The problem i s  t o  f i n d  the  nozzle contour t h a t  gives these  
condi t ions.  
I 
Suppose we prescribe the initial values of p, 8 ,  w, q on AB (fig. 111-6) 
which is a curve crossed only once by any characteristic. The value of 8 = 0 is 
I II 
C 
Stream line 
/ 
-- 
D' D 
Nozt le  center  line 
Figure 111-6.- Inverse nozzle problem. 
prescribed on AD by the definition of the nozzle center 1l.m:. On the center 
line, therefore, we can prescribe p only on A'D' since botn BAA' and D'DC 
are crossed twice by a family of the slant characteristics. On CD, which is a 
curve crossed also only once by any characteristic, the values of p and 8 can 
be prescribed; but w and q cannot be prescribed on CD because ABCD is 
crossed twice by the streamlines and the initial values of w and q are already 
prescribed on AB. Summarizing, we can prescribe all of the flow quantities 
p, 0, w, q on AB; 0 on AD; p on A'D'; and p, 8 on CD. Alternatively, A'B and CD' 
can be used as data lines in place of BAA' and CDD', respectively. Then all of 
the flow quantities p, 8, w, q can be prescribed on A'B, and p and 8 can be 
prescribed on CD'. 
In nozzle design it is usually desired that the flow at the exit be uniform. 
CD If CD in figure 111-6 is perpendicular to the nozzle center line, we can let 
represent the exit plane. To prescribe that the flow be parallel on the exit 
plane, we let 0 = 0 on CD. To have completely uniform flow we would further 
require that p, w, q be constant along CD. However, as previously concluded, 
we can prescribe only p and 8 on CD. We can therefore have only a parallel flow 
on the exit plane with p uniform, with no assuraiice that w and q will also be 
uniform. Alternatively, we could, of course, prescribe w and q as uniforiii on 
CD instead of having given values on AB. Unfortunately, however, prescribing 
w and q on CD may dictate unrealistic conditions at the entrance AB of the 
nozzle (the same is true, of course, for the direct nozzle problem). 
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For t h e  design of a nozzle w i t h  t he  flow e i t h e r  frozen o r  i n  equilibrium, 
t h e  above dilemma does not occur because i n  these cases the  spec i f i ca t ion  t h a t  0 
be zero and p uniform on CD leads automatical ly  t o  uniformity of a l l  o ther  
f l o w  q u a n t i t i e s  on CD. 
F ina l ly ,  we r e c a l l  t h a t  w can exchange r o l e s  w i t h  p i n  the  formulation 
of t h e  c h a r a c t e r i s t i c  equations.  We can therefore  a l t e r n a t i v e l y  prescr ibe  w 
in s t ead  of p t o  be uniform on CD ( q  being unspecif ied i n  both cases ) .  The 
r e s u l t s  of chapter IV w i l l  show, however, that  w i s  near ly  uniform anyway f o r  
a reasonably shaped nozzle. A s  a p r a c t i c a l  matter,  therefore ,  t he  p re sc r ip t ion  
of uniform p r a t h e r  than w on the  e x i t  i s  t o  be prefer red .  
CHAPTER I V  
AXISYMMETRIC NONEQUILIBRIITM FLOW THROUGH A NOZZLE 
We now study t h e  flow of a i r  through a high-speed nozzle where t h e  air  i s  
out of chemical equilibrium. Spec i f ica l ly ,  we study t h e  physical  phenomena 
assoc ia ted  with d i s soc ia t ion  nonequilibrium when t h e  flow i s  not  uniform across  
each sec t ion  of t he  nozzle.  We can thus examine the  i n t e r r e l a t e d  e f f e c t s  of 
nonequilibrium and nonuniformity. 
A t y p i c a l  nozzle i s  sketched i n  figure I V - 1 .  To have s ign i f i can t  e f f e c t s  
of nonequilibrium, t h e  a i r  i n  t h e  r e se rvo i r  should be subs t an t i a l ly  d issoc ia ted ,  
which means t h a t  t he  r e se rvo i r  temperature must be high. This i s  usua l ly  the  
condi t ion i n  a shock tunnel  o r  spark-heated tunnel .  
- - _ _  ... ---. 
Nozzle “center l ine 
Figure I V - 1 . -  Regions of flow i n  a typ ica l  high-speed nozzle .  
I n  the  region near  t h e  r e se rvo i r  t h e  high temperature of t he  a i r  gives it a 
small re laxa t ion  t i m e ;  I n  view of i t s  small ve loc i ty ,  t he  a i r  thus has an 
extremely shor t  re laxa t ion  length  here .  I n  t h i s  region, therefore ,  t he  flow i s  
i n  many cases  i n  equilibrium. 
t i m e  g r e a t l y  increases  due t o  t h e  dropping of t h e  temperature. Also,  the  speed 
rap id ly  increases  from subsonic toward supersonic values .  Often, therefore ,  t he  
r e l axa t ion  length  becomes moderate i n  the  v i c i n i t y  of t h e  th roa t ,  and, i f  t h e  
r e l axa t ion  length becomes moderate before  the  d issoc ia ted  atoms have recombined, 
nonequilibrium conditions ex is t .  A s  t h e  a i r  continues downstream, t h e  re laxa t ion  
length  becomes la rge ,  and a near-frozen condi t ion may e x i s t  a t  the  e x i t  of t h e  
nozzle.  
A s  t h e  a i r  approaches the th roa t  t he  re laxa t ion  
Gas Model 
I n  the  preceding work t o  keep the  discussion general ,  we have not been 
e x p l i c i t  as t o  the  p a r t i c u l a r  type of  nonequilibrium, nor have we spec i f ied  the  
a c t u a l  equation of state.  
methods, we must decide on the  gas model. A gas model t h a t  i s  a good approxima- 
t i o n  t o  real  a i r  f o r  a moderate range of temperatures, and ye t  r e l a t i v e l y  simple, 
i s  a mixture of d i s soc ia t ing  oxygen and nondissociating ni t rogen.  The molecular 
v ib ra t ion  i s  assumed t o  be a t  equilibrium, as a r e  the  molecular t r a n s l a t i o n  and 
r o t a t i o n .  The expressions f o r  t h e  thermodynamic and chemical-kinetic p rope r t i e s  
Now, t o  obta in  a p a r t i c u l a r  so lu t ion  by numerical 
20 
of t h i s  s impl i f ied  a i r  a r e  b r i e f l y  derived i n  appendix A. 
t h e  cont r ibu t ion  of e l ec t ron ic  exc i t a t ions  t o  t h e  i n t e r n a l  energy i s  neglected.  
T h i s  i s  equivalent t o  assuming t h e  e l ec t ron ic  p a r t i t i o n  funct ions t o  'be constant ,  
which i s  v a l i d  f o r  t h e  temperature range concerned (T < 8 0 0 0 ~  K ) .  
I n  t h i s  der iva t ion ,  
Cone - 
I 
F, 
2 
The d i f fe rence  of t h e  present  a i r  model from t h e  L i g h t h i l l  i d e a l  d i s s o c i a t -  
ing gas (refs. 25 and 26) i s  due mainly t o  t h e  inclusion of t h e  d i s soc ia t ive ly  
i n e r t  ni t rogen.  
t h a t  
temperature where d i s soc ia t ion  i s  important. The L i g h t h i l l  gas model, however, 
i s  not a good approximation f o r  a i r  f o r  t h e  present  purpose because it has too 
high a value of af/ae, which i s  an important parameter i n  es t imat ing t h e  non- 
equi l ibr ium e f f e c t s .  The use of too high a value of af/ae would l ead  t o  an 
overestimate of t he  e f f e c t s  of nonequilibrium. 
The p r inc ipa l  approximation made i n  t h e  L i g h t h i l l  gas model, 
pD (defined by eq. (A-5) )  i s  constant,  i s  r a t h e r  good f o r  t he  range of 
4, 
Fourth-degree polynomial c 
The s impl i c i ty  of t he  present  air  model, as compared with more complex ones, 
i s  due mainly t o  the  f a c t  t h a t  t he re  i s  only one nonequili'briwn process .  For the  
higher temperature range where d i s soc ia t ion  of ni t rogen i s  important, an equal ly  
simple but  not as good approximation f o r  a i r  would be a mixture of d i s soc ia t ing  
ni t rogen and f u l l y  d issoc ia ted  oxygen. 
0 
[L 
Nozzle Model 
I20 
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The dimensions of t h e  nozzle used i n  t h e  present  computations a r e  shown i n  
f igu re  IV-2. The nozzle has a conica l  por t ion  a f t e r  t h e  th roa t ,  followed by a 
fourth-degree-polynomial curved por t ion  t h a t  matches the  slope a t  the  end of t he  
conica l  sec t ion  and has zero slope and curvature a t  x = 10.35 em. The conical  
sec t ion  i s  included because a method of computation f o r  t he  t ransonic  t h r o a t  
Notes 
I Curved port ion ot  nozzle described by 
2 Throat ot  X = 0 2352Cm; rad ius  at t h roa t=0 .05Cm 
3 Expansion ore0 r o t i o  at exit.387.75 
radius= 0 . 2 1 2 5 6 ~ - 0 . 0 1 8 7 8 3 ~ ~ + 0 0 0 0 1 4 2 2 6 ~ ~ + 0 0 0 0 0 3 1 2 0 1 ~ ~  
Figure IV-2.- Nozzle used i n  flow computations. 
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region is not available. If the conical section is large enough compared with 
the throat region, however, it is reasonable to assume that the flow itself is 
conical at the end of such a section. We select a fourth-degree-polynomial 
contour so that we can specify that the conical and the curved portions of the 
nozzle have matching slopes at their junction and that the curved portion has 
zero slope and curvature a short distance downstream from the nozzle exit. The 
selection of the location of the exit is described in the next paragraph. Such 
a nozzle may be thought of as representing the core of inviscid flow in a high- 
speed wind tunnel when the flow behavior differs (in the inviscid core or in the 
viscous layer, or both) from the design condition of uniform exit flow. In 
reality, the presence of a thick boundary layer in a wind-tunnel nozzle, such as 
the one we are considering, makes it difficult to achieve an exactly uniform flow 
in the test section under any condition, equilibrium or otherwise. 
-P 
Since this nozzle is not ideally designed, that is, its wall is not so 
contoured that the exit flow is uniform for a particular initial condition, there 
is no assurance that the flow can turn uniformly to a parallel flow at the exit 
for any initial condition. Recompression (i.e., deceleration of the flow) may 
occur, as indeed it does for the present initial conditions used. This recom- 
pression is avoided by arbitrarily taking the nozzle exit to be a short distance 
upstream from where the nozzle wall becomes horizontal. We thus select the exit 
to be at x = 8 em. 
-
The numerical method of computation is the well-known method of characteris- 
tics. 
already been developed in chapter 111. In finite-difference form, these equa- 
tions are (with reference to fig. IV-3) 
The necessary basic relations for the computation (eqs. (111-1)) have 
where single-letter subscripts refer to locations and double-letter subscripts 
signify average values, except with A, which is the linear distance between the 
two points referred to by the subscripts. Points A, B, and C are locations at 
which the values are known. Point D is the location at which the flow proper- 
ties are to be found. Here a. is the degree of dissociation of oxygen. 
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Figure IV-3.- Characteristics net for nonequilibriwn-flow computations 
f 
\ 0 
In i t ia l  
a r r a y  
0 
D3 3 
A x  0 
Computed a r r a y  \ 
0 \ 
- - 
Nozzle center l ine CI DI 
Figure IV-4.- Computation net for points on the nozzle center line, nozzle 
wall, and in the interior. 
A t  t h e  nozzle w a l l ,  equation ( I V - l a )  i s  replaced by 0~ = tan'' 6(xD),  
where 6(x)  i s  t h e  slope of t h e  nozzle w a l l .  A t  t he  nozzle center  l i n e ,  
equation (IV-lb) i s  replaced by eD = 0. 
The numerical procedure i s  as follows ( c f .  f i g .  I V - 4 ) :  The values of 
p, 0 ,  w, and a are taken t o  be known a t  each poin t ,  represented by t h e  s o l i d  
dots ,  i n  t he  i n i t i a l  a r r ay .  We s h a l l  c a l l  those poin ts  t h e  da t a  poin ts .  Points  
D1, D2, and poin ts  of type D3 c o n s t i t u t e  t h e  a r r ay  of po in ts  t o  be computed. A 
For the  nozzle center - l ine  ca lcu la t ion ,  B1 i s  loca ted  halfway between da ta  
poin t  C1 and the  adjacent da t a  poin t .  The values of p, 0, w, and a a t  B1 
are obtained by l i n e a r  i n t e rpo la t ion .  Point D1 i s  loca ted  a t  the  in t e r sec t ion  
of t h e  nozzle center  l i n e  and the  right-running Mach l i n e  from B1. For the  
nozzle w a l l  ca lcu la t ion ,  A2 i s  loca ted  halfway between da ta  poin t  C2 and i t s  
adjacent  da t a  point ,  and D2 l i e s  on the  in t e r sec t ion  of the  nozzle w a l l  and t h e  
lef t - running Mach l i n e  from A2. The values of p, 0 ,  w, and a at  A2 are again 
obtained by l i n e a r  in te rpola t ion .  F ina l ly ,  f o r  a t y p i c a l  ca l cu la t ion  t h a t  
involves ne i the r  the  nozzle w a l l  nor center  l i n e ,  A3 i s  loca ted  halfway between 
da ta  poin t  C3 and the  da t a  poin t  below it .  Points  of type D3 are then taken 
t o  l i e  on the  in t e r sec t ion  of t he  streamline from C3 and the  lef t - running Mach 
l i n e  from A3, and B3 a t  the  in t e r sec t ion  of t he  right-running Mach l i n e  
through D3 and t h e  s t r a i g h t  l i n e  connecting C3 with the  da t a  poin t  next above 
it .  The values of p, 0,  w, a a t  A3 and B3 are obtained by l i n e a r  
in te rpola t ion .  
i 
For the  s t a r t i n g  of t he  in t eg ra t ion  process,  t h e  values of p, 0, w, a f o r  
po in ts  D1, D2, and type D3 are the  same as those f o r  po in ts  C1, D2, and 
type C3, respec t ive ly .  The numerical i n t eg ra t ion  f o r  po in ts  of type D3 
involves solving equations ( I V - l a )  and (IV-lb) f o r  p~~ and 0 ~ ~ ,  then equa- 
t i o n s  ( IV-le)  and (IV-la) f o r  W D ~  and CLD . 
and aD3 are used i n  recomputing t h e  coe f f i c i en t s  i n  t h e  compatibi l i ty  r e l a t i o n s  
and i n  r e f in ing  the  loca t ions  of t h e  poin ts  D3 and B3.  The values of p, w, 0 ,  
a f o r  B3 are then re in te rpola ted ,  and the  values f o r  p, w, 0 ,  a at  D3 are 
recomputed. The computation process i s  then repeated. The i t e r a t i o n  i s  con- 
t inued u n t i l  t he  ve loc i ty  reaches a preassigned accuracy. For e r r o r s  of 
percent (between successive i t e r a t i o n s )  o r  less  i n  the veloci ty ,  it usua l ly  
takes  four  i t e r a t i o n s  t o  compute one poin t .  The computations f o r  D 1  and D2 are 
e s s e n t i a l l y  the  same except t h a t  one less computation i s  needed because the  value 
of 0 i s  known at  D1 and D2. After t he  e n t i r e  new a r r a y  cons is t ing  of 
po in ts  D1, D2, and type D 3  are computed, t h e  computed a r r ay  i s  used as a new 
i n i t i a l  a r ray .  
The new values f o r  p ~ , ,  0 ~ , ,  W D ~ ,  3 
There i s  very l i t t l e  improvement i n  the  accuracy of t he  computed r e s u l t s  
once the  number of po in ts  i n  an a r r ay  exceeds 18. 
dependent on the  number of da t a  poin ts  i n  each ar ray ,  are se lec ted  t o  be as s m a l l  
as necessary t o  give the  des i red  accuracy f o r  t he  flow quan t i t i e s  a t  the  nozzle 
i s  roughly 30. The streamwise mesh s i z e  f o r  a 30-point a r r ay  i s  approximately 
0.03 em a t  t h e  s tar t  of t h e  nonequilibrium ca lcu la t ion .  T h i s  mesh s i z e  i s  about 
one-half of t he  corresponding c h a r a c t e r i s t i c  reac t ion  length  -rrw. The stream- 
w i s e  mesh s i z e  becomes l a r g e r  as t h e  flow proceeds downstream a s  a r e s u l t  of t he  
# 
The g r i d  s i zes ,  which are 
e x i t .  The se lec ted  number of da ta  poin ts  i n  each a r r ay  i n  the  a c t u a l  computation 9 
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widening of the nozzle and the increasing of the Mach number. The streamwise 
mesh size at the exit is approximately 0.1 em. The mesh size for all four cases 
computed (equilibrium and nonequilibrium) is about the same. 
For frozen flow, equations (IV-1) are immediately applicable; the terms 
involving w in equations (IV-la,b, and d) are simply zero. In the equilibrium 
limit, the term containing w in equation (11-4a) combines with the leading term 
to yield a quantity Me2ap/as. For the equilibrium flow, the compatibility 
I $ equations become simply 
(1~-2a) 
and are essentially the same as those for frozen flow except that the Mach number 
and the corresponding characteristic directions are based on the equilibrium 
speed of sound. 
The numerical computation described above was performed on the IBM 7090 
computer of the Ames Research Center, NASA. The machine program is coded in 
FORTRAN language. Fourteen subroutines are used to facilitate both the machine 
program verification and any future modification such as using different gas 
models (as long as only one nonequilibrium process is allowed). 
The numerical examples computed for the present study are based on a 
reservoir condition of 
studied: equilibrium flow and three cases of nonequilibrium flow with the 
effective characteristic reaction time 
I the value of Ty given by equation (A-9 ) .  The case of equilibrium flow has, of 
I8 course, an effective characteristic reaction time of zero. II 
I, 
T = 9000° K and p = 1000 atmospheres. 
Treff 
Four cases were 
taken as 0.1, 1, and 10 times 
To obtain the initial conditions, we assume that the gas is in equilibrium 
up to the location at which the Mach number is 1.1 and that ahead of this 
location the gas behaves like real air. This last assumption gives a starting 
condition (i.e., values of p, p, and Mf) corresponding exactly to real air with 
the reservoir conditions stated above. For the present computation these start- 
ing values of p and p are obtained from the charts prepared by Yoshikawa 
(ref. 27), and the corresponding value of is computed using equa- 
tion (A-4). 
would have been obtained using the simplified air model throughout, since at 
temperatures higher than those at the throat the nitrogen is dissociated. The 
assumption that the flow upstream of the location of 
a = ae 
The initial conditions are thus more realistic than those that 
Mf = 1.1 is in equilibrium 
i 
I 
i s  j u s t i f i e d ,  s ince the  subsequent computations show t h a t  t h e  flow has no 
tendency t o  deviate  from the  equi l ibr ium curve ( f i g .  IV-5) u n t i l  downstream of 
t h i s  po in t .  
1.0 r T~ e f f  = 0 (equi l ibr ium) 
Axia l  d i s t a n c e ,  em 
I 
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Figure N-3.- Degree of d i s soc ia t ion  along t h e  nozzle center  l i n e  i n  the  
t r a n s i t i o n  region f o r  var ious degrees of nonequilibriwn and var ious 
assumed nonequilibrium s t a r t i n g  pos i t i ons .  
The flow f o r  t he  equilibrium condi t ion i s  f i r s t  computed. For a nonequilib 
rium ca lcu la t ion ,  the  value of t he  e f f e c t i v e  c h a r a c t e r i s t i c  reac t ion  length 
'Treffw from the  equilibrium flow along the  nozzle i s  then observed. 
T r e f f W  becomes moderately long ( i n  t h e  present  computations about twice the  
streamwise mesh s i z e ) ,  t he  flow i s  assumed t o  be i n  a nonequilibrium condition, 
and t h e  computation f o r  nonequilibrium i s  used f o r  t he  flow downstream of t h i s  
po in t .  To assure  t h a t  t he  se lec ted  e f f e c t i v e  s t a r t i n g  poin t  f o r  t he  nonequilib- 
rium ca lcu la t ion  i s  a cor rec t  one, a t  least  one more case using a s t a r t i n g  poin t  
upstream o r  downstream of it must be computed. The degree of d i ssoc ia t ion  along 
t h e  nozzle center  l i n e  i n  the  t r a n s i t i o n  region i s  presented i n  f igu re  IV-5 .  A s  
seen from t h i s  f igure ,  f o r  each e f f e c t i v e  ' T ~ ,  there  i s  a c e r t a i n  loca t ion  ahead 
of which the  nonequilibrium e f f e c t  i s  so s m a l l  t h a t  any poin t  upstream of it can 
be used as an e f f ec t ive  s t a r t i n g  poin t  without ser ious e r r o r  i n  the  t r a n s i t i o n  
region. The  s t a r t i n g  poin t  cannot be too f a r  upstream, however, s ince  too high 
a r eac t ion  rate would make the  numerical computation unstable .  
Once 
The c h a r a c t e r i s t i c  reac t ion  length  -rrw f o r  t he  equilibrium flow and t h e  
a c t u a l  nonequilibrium flow (e f f ec t ive  
A s  seen f r o m t h i s ,  t h e  c h a r a c t e r i s t i c  length  r r w  increases  rap id ly  i n  the  
' T ~  = 1.07,) i s  presented i n  f igu re  IV-6. 
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Figure IV-6.- Charac te r i s t ic  reac t ion  length i n  t h e  t r a n s i t i o n  region of t h e  
nozzle .  
II 
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region immediately after t h e  th roa t ,  causing t h e  flow t o  deviate  from equilibrium. 
Later r r w  increases  t o  values even l a r g e r  than t h e  phys ica l  l ength  of t h e  
nozzle, and t h e  flow becomes near ly  f rozen s h o r t l y  p a s t  t h e  conica l  sec t ion .  
The va r i a t ion  of t h e  flow quan t i t i e s  along t h e  center  l i n e  are presented i n  
figures IV-7  through IV-11. These va r i a t ions  are q u a l i t a t i v e l y  t h e  s a m e  as those 
from ca lcu la t ions  of quasi-one-dimensional flow (refs .  5, 8, and 9 ) .  Thus, 
quasi-one-dimensional-flow computations can give an assessment of t h e  e f f e c t s  of 
nonequilibrium, a t  l e a s t  q u a l i t a t i v e l y .  
Note t h a t  while a l l  flow quan t i t i e s  along t h e  center  l i n e  deviate  from the  1 
equilibrium-flow values, t h e  ex ten t  of the devia t ion  depending on the  e f f e c t i v e  
r eac t ion  rate, t h e  devia t ion  of t he  ve loc i ty  ( f i g .  IV-8) i s  r e l a t i v e l y  s l i g h t .  
This phenomenon may be use fu l  f o r  some approximations. The temperature 
( f i g .  IV-lo), on the  other  hand, deviates  considerably from t h e  equilibrium-flow 
value, causing the  Mach number ( f i g .  IV-11) t o  deviate  correspondingly. 
0 I 2 3 4 5 6 7 8 
A x i a l  d is tance ,  cm 
0 
Figure N-7.- Degree of d i s soc ia t ion  along the nozzle center  l i n e  f o r  var ious 
degrees of nonequilibrium. - 4  
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Figure IV-8.- Velocity along the  nozzle center  l i n e  f o r  equilibrium and 
nonequilibrium flow. 
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Figure IV-9.- Pressure along t h e  nozzle cen te r  l i n e  a t  var ious degrees of 
none quilibr i u m  . 
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Figure N-10.- Temperature along the  nozzle center  l i n e  f o r  var ious degrees 
of nonequilibrium. 
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Figure IV-11.- Frozen Mach number along t h e  nozzle center  l i n e  f o r  various 
degree s of none qu i 1 i b  r i u m  . 
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The gas next to the nozzle wall travels a longer distance than that on the 
nozzle center line. 
and hence freezes sooner. It may be conjectured, therefore, that the flow 
remains closer to equilibrium at the wall than at the center. 
significantly out of equilibrium, then, the value of 
lower than that at the center. If the flow is near equilibrium, of course, the 
value of a, is lower at the nozzle center line than that at the wall simply 
because the flow along the center line expands more. 
case in figure IV-7. 
Furthermore the flow on the center line expands more rapidly 
If the flow is 
CL at the wall should be 
This is shown to be the 
The variations of the flow properties across the nozzle-exit plane are 
These figures show that, in general 
a,), the nonuniformities become more pronounced as the effective value 
presented in figures IV-12 through IV-16. 
(except 
of I - ~  increases, that is, as the flow tends toward the frozen condition. 
The velocity, fairly uniform when the flow is in equilibrium (fig. IV-13), 
stays fairly uniform when the flow is out of equilibrium. 
a varies across the exit plane (fig. I V - 1 2 ) ,  the corresponding values of 
Z = 1 + (a /4 .764) ,  which dictates the relative importance of dissociation in the 
thermal equation of state, are actually fairly constant. Pressure (fig. IV-14) , 
on the other hand, has a deviation from the center to the nozzle wall some 
30 percent (when effective 
Note that, although 
= 1.07,) more than the equilibrium case. 
We may therefore conjecture that, since we cannot in the design of a nozzle 
by the inverse method have all of the exit quantities exactly uniform when the 
flow is out of equilibrium, we will attain the over-all best uniformity by taking 
the pressure uniform, the streamlines parallel (f3 = 0), and the velocity and 
unspecified. We may conjecture, also, that for a nozzle designed to give a 
uniform flow at the exit for equilibrium conditions, the pressure and Mach number 
may vary significantly from the nozzle center to the wall if the flow turns out 
to be nonequilibrium. 
a 
Degree of dissociation, a 
Figure I V - 1 2 . -  Variation of degree of 
dissociation across the nozzle- 
exit plane. 
, 0 (equil ibrium) \ ,,"" ,,,I 0 T, (actual nonequilibrium) 
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V e l o c i t y  / veloci ty line 
Figure IV-13.- Velocity distribution 
across the nozzle-exit plane. 
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In the present case, the correct 
nonequilibrium flow ( T ~ ~ ~ ~  = T ~ )  is
nearly frozen shortly after it passes 
the conical section, which here is a 
relatively small portion of the nozzle. 
If a longer conical section were pre- 
scribed, the flow would be nearly frozen 
at the end of the cone. Then one would 
compute the conical part by quasi-one- 
dimensional flow, which is exact in this 
region, and determine the flow in the 
rest of the nozzle by a frozen, axisym- 
metric computation for a thermally per- 
fect gas (for which CL and hence z 
are constants). Such calculations are 
readily made since the methods for both 
the nonequilibrium quasi -one -dimensional 
flow and the thermally perfect axisym- 
metric flow have already been developed. 
Furthermore, if the conical section is 
large enough that effective freezing 
starts before the end of the conical 
section (so that the region in which the 
, flow is not quasi-one-dimensional is essentially frozen), complete uniformity at 
the nozzle exit can be prescribed. This would provide one method of designing an 
ideal nozzle for nonequilibrium flow. 
Lastly, the useful, approximate, sudden-freeze analysis for nonequilibrium 
flow (ref. 6 ) ,  which was developed for quasi-one-dimensional flow, can be 
adopted for axispnetric flow. This can be done by switching from a computation 
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of equilibrium flow t o  one of frozen flow when appropriate  conditions a re  reached 
on each s t reamline.  If f reez ing  occurs after the flow passes the conical  por t ion  
of the nozzle, the center  l i n e  w i l l  f reeze  f i r s t  because of more rap id  expansion 
f i r s t ,  the computation along curve AD ( i n  f i g .  IV-3) w i l l  reach the  condition 
f o r  sudden f reez ing  sooner than that  along CD. T h i s  should cause no d i f f i c u l t y ,  
f o r  one can use an equilibrium-flow computation along BD and CD together  with 
a frozen-flow computation along AD without incompatabili ty.  
i 
i 
i 
i 
! t he re .  Since along each cross  sec t ion  the flow a t  the center  tends t o  f reeze  
b 
I 
if 
I 
Ames Research Center 
National Aeronautics and Space Administration 
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APPENDIX A 
THERMODYNAMIC AND CHEMICAL-KINETIC PROPERTIES OF A SIMPLIFIED 
AIR MODEL 
t 
In this section we set down the thermal and caloric equations of state, the 
rate equation, and the expressions for the auxiliary properties, such as the 
speeds of sound, that appear in the coefficients of the flow equations. We will 
consider only the simplified air model described briefly in chapter IV. In this 
gas model the air is assumed to be a mixture of oxygen and nitrogen with only 
the oxygen dissociated. The translation, rotation, and vibration of each con- 
stituent are taken to be in equilibrium (i.e., they have a Maxwell-Boltzmann 
distribution), and the electronic excitation is assumed negligible. The deriva- 
tion of the properties of this gas is straightforward. Only minimum details, 
enough to indicate the assumptions involved, will be given since derivations for 
more complicated gas models are available (e.g., refs. 22, 28, and 29). 
The number density (number of particles per unit mass of gas mixture) for 
the constituents in the mixture are 
a no = 
+ a> 
where a is the ratio of the mass of oxygen in atomic form to the total mass of 
atomic and molecular oxygen, a is the ratio of the mass of nitrogen to the mass 
of the oxygen in the mixture, b is the ratio of the atomic weight of nitrogen 
to that of oxygen, and is the mass of an oxygen atom. The actual values 
used for the constants are listed in table I at the end of appendix A. 
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The assumption that the translation of the molecules has a Maxwell-Boltzmann :* distribution permits us to xrite the thermal equation of state as 
2 4: 
$ ;$ 
:if 
;:I 
3 i  p = kT(no + nO2 + nN2) 
P 
. ' X i  .# 
where k i s  the  Boltzmann constant .  Subs t i t u t ing  t h e  r e l a t i o n  f o r  no, no2, 
nN,, and l e t t i n g  R [l + ( a / b ) ] k / [ q ( l  + a ) ] ,  and Z 1 + a [ l  + (a/b)]-', 
we have 
The spec i f i c  i n t e r n a l  energy e,  with the  zero energy of t h e  mixture taken 
t o  be that  of t h e  atomic species  a t  absolute  zero temperature, i s  t h e  sum of t he  
t r a n s l a t i o n a l ,  ro t a t iona l ,  and v ib ra t iona l  energies  of t he  species  ( s ince  
e l ec t ron ic  exc i t a t ion  i s  neglected) .  We thus wr i te  
e = C n i ( E t r a n s l a t i o n i  + Erota t ion i  + Evibrat ioni  - Edis soc ia t ion i )  
i 
where the  subscr ipt  i takes the  values 1, 2, 3 corresponding t o  the  species  
0, 02, NE, respec t ive ly .  Subs t i tu t ing  the  values of ni and denoting 
Edissoc ia t ion i /k  by ODi, we have, f o r  t he  enthalpy 
E t rans l a t ion i  = (3/2)kT and (assuming r o t a t i o n  f u l l y  exc i ted)  Er0tation-i = kT 
h = e + p/p, w i t h  
where Evibi i s  given by the  r e l a t i o n  
Here Ovi i s  t h e  c h a r a c t e r i s t i c  v ib ra t iona l  temperature. 
The r a t e  of change of t he  degree of d i s soc ia t ion  a can be obtained by 
summing the  forward and reverse reac t ion  r a t e s  of oxygen i n  the  presence of 
atomic oxygen and.molecular oxygen and nit rogen.  Here the  r a t e  equation d i f f e r s  
f r o m  equation (7.34) 
presence of ni t rogen 
form 
of reference 22 only by the  add i t iona l  term due t o  t he  
as a c a t a l y t i c  spec ies .  The r a t e  equation thus takes  the  
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where % i s  t h e  atomic weight of oxygen, t he  subscr ip ts  f o r  kfi denote t h e  
p a r t i c u l a r  c a t a l y t i c  species,  and K, i s  t h e  equi l ibr ium constant .  The quant i ty  
in s ide  t h e  l as t  bracket  is, from t h e  l a w  of mass act ion,  zero when a has i t s  
equi l ibr ium value ae. Thus we have 
where 
The value of K, can be expressed by means of the  p a r t i t i o n  funct ion.  I n  
t e r m s  of temperature, we have 
i s  t h e  c h a r a c t e r i s t i c  r o t a t i o n a l  ro2 where h i s  the  Planck constant and 0 
temperature f o r  oxygen. 
assumed t o  be constant,  cons is ten t  with the  e a r l i e r  assumption of neglect ing 
the  cont r ibu t ion  of  e l ec t ron ic  exc i t a t ion  t o  the  i n t e r n a l  energy. The value 
of t h i s  r a t i o  i s  taken t o  be 24.42. 
The r a t i o  of t h e  e l ec t ron ic  p a r t i t i o n  funct ions i s  
We use t h e  same r a t e  constants  adopted by H a l l  ( r e f .  1 0 ) .  They are 
kfO - 35T 
0 
kf02 Do2 
b 
where 0 has the  value 59,380' K.  The t o t a l  forward r eac t ion  r a t e  constant,  
t h a t  i s ,  the  quant i ty  ins ide  the  f i r s t  bracket  of equation ( A 3 ) ,  i s  thus 
DO f 
The r ec ip roca l  of t h e  e n t i r e  quant i ty  multiplying t h e  las t  bracket  of equa- 
t i o n  (A3) has t h e  dimensions of t i m e  and characterizes- time it takes  f o r  the  
chemical reac t ion  t o  reach equilibrium. 
reac t ion  t i m e ,  w i l l  be denoted as T ~ ,  t h a t  i s  
This quant i ty ,  t h e  c h a r a c t e r i s t i c  
There remain now only t h e  frozen speed of sound af and the  equilibrium of 
speed of sound ae. These a r e  given by the  i d e n t i t i e s  (ref.  22) 
where the  subscr ip ts  p, p, a denote p a r t i a l  d i f f e r e n t i a t i o n s ,  f o r  example, 
hp E (ah/aP)p,a,  "ep f ( a c ~ ~ / a p ) ~ .  
t i v e s  of h and ae. 
t i o n  ( A 2 )  by f ( a , T ) ,  then kp i s  simply 
Thus they a r e  simply r e l a t e d  t o  t he  der iva-  
I f  we denote the  quant i ty  i n  the  right-hand s ide  of equa- 
whereas 11, and a r e  
I n  a s imi la r  manner, i f  we denote 10g[Pd(T)eXp(-OD02/T)] 
a, = (bae/ap)p and ae = (aae/ap),  can be obtained by 
equation (A4) (with the  a i d  of eq. ( A l ) )  as 
- 
P P 
by f,(T), then 
d i f f e r e n t i a t i n g  
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and 
4 
The values of ae and ae f o r  t h e  s impl i f ied  a i r  model are presented i n  
f igu res  A-1  and A-2 f o r  temperatures up t o  8000~ K and f o r  var ious pressure 
levels.  The var ia t ions  of af/ae and Trae are i l l u s t r a t e d  i n  f i g u r e s  A-3 
and A-4. The maximm value of af/ae f o r  pure oxygen i s  roughly twice t h a t  
f o r  t h e  a i r  model. Pure oxygen, therefore ,  would have g r e a t e r  nonequilibrium 
e f f e c t s  than a i r ,  t h i s  being due t o  t h e  l ack  of ni t rogen ac t ing  as a d i luen t .  
The c h a r a c t e r i s t i c  chemical reac t ion  length  f o r  pure oxygen, on the  o ther  hand, 
i s  several t i m e s  smaller than t h a t  f o r  a i r  because the  ni t rogen molecules are 
not  as e f f i c i e n t  a c a t a l y t i c  body f o r  reac t ion  as are oxygen molecules and atoms. 
I 
Figure A-1.- Equilibrium degree of d i s soc ia t ion  versus temperature f o r  
pressure = 0.01, 1.0,  and 100 atmospheres ( s impl i f ied  a i r  model). 
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Figure A-2.- Equilibrium speed of sound versus  temperature f o r  pressure = 0.01, 
1.0,  and 100 atmpspheres ( a  = ae at  standard condi t ion = 3.32OX1O4 cm/sec). e0 
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air model and f o r  pure oxygen. 
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Figure A-4.- Normalized c h a r a c t e r i s t i c  reac t ion  length for t h e  s implif ied 
a i r  model and f o r  pure oxygen. 
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I 
TABLE I.- PHYSICAL CONSTANTS USED FOR THE GAS MODEL 
3.3 
0.8755 
6.6252X10-27 e r g  see 
1 . 3 8 0 4 2 ~ l O - ~ ~  erg/'K 
2 . 6 6 x l 0 - ~ ~  
I 
16 gm/mole 
59,380' K 
113,260' K 
2.07~ K 
2,230' K 
3,340' K 
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APPENDIX B 
PRINCIPAL SYMBOLS 
q i  
r 
mass of oxygen/mass of ni t rogen i n  gas model described i n  
appendix A 
equilibrium sonic speed 
frozen sonic speed 
r a t i o  of atomic mass of ni t rogen t o  atomic mass of oxygen 
spec i f i c  i n t e r n a l  energy 
any flow quant i ty  or funct ion 
spec i f i c  enthalpy; a l so  Planck constant 
Boltzmann constant 
forward reac t ion  r a t e  constant 
equilibrium c on s t ant  
mass of an oxygen atom 
Mach number (frozen or equilibrium) 
atomic mass of oxygen 
p a r t i c l e  densi ty  of species  i 
pressure 
nonequilibrium parameter 
nonequilibrium parameter assoc ia ted  with the  i t h  process 
r a d i a l  dis tance from the  axis of symmetry 
streamwise dis tance 
spec i f i c  entropy 
t i m e  
temperature 
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W ve loc i ty  
Z compressibi l i ty  f a c t o r ;  f o r  t h e  s impl i f ied  a i r  model, 
1 + a, (1 + ;)-I 
a 
P 
6 
degree of d i s soc ia t ion  of oxygen = m a s s  r a t i o  of atomic oxygen t o  L 
t o t a l  amount of oxygen 
slope of the  boundary 
P Mach angle = sin-' 
e streamline angle 
OD' O r ,  0, c h a r a c t e r i s t i c  temperatures f o r  d i ssoc ia t ion ,  ro t a t ion ,  and 
v ibra t ion ,  respec t ive ly  
P densi ty  of t he  f l u i d  
rr c h a r a c t e r i s t i c  r eac t ion  t i m e  ( see  eq. (A9)) 
w r a t e  of change of q 
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